We present a complete classification of complex projective surfaces X with nontrivial self-maps (i.e. surjective morphisms f : X → X which are not isomorphisms) of any given degree. Our starting point are results contained in Fujimoto (Publ. Res. Inst. Math. Sci. 38(1): 2005) and Nakayama (Kyushu J. Math. 56(2):433-446, 2002), they provide a list of surfaces that admit at least one nontrivial self-map. By a case by case analysis that blends geometrical and arithmetical arguments, we then exclude that certain prime numbers appear as degrees of nontrivial self-maps of certain surfaces.
Theorem 2 A surface admits self-maps of any given degree if and only if it is one of the following:
(i) P 1 × P 1 (ii) Étale quotient of P 1 × C, C a smooth curve with g(C) ≥ 2, by a cyclic group G of automorphisms of C acting freely on C and faithfully on P
. If G is not trivial then its order is a prime p and for every δ ∈ (Z/pZ)
* there exists ϕ ∈ Aut(C) such that ϕ • g = g ±δ • ϕ for every g ∈ G. (iii) X is P 1 -bundle over an elliptic curve E, P(O E ⊕ L), where L is a k-torsion line bundle on E and either k = 1, 2, 3 or (iiia) k = 4, E is the elliptic curve relative to the lattice 1,
, and μ
where μ is the endomorphism of E induced by multiplication by either 3 2 + i 
where μ is the endomorphism of E induced by multiplication by either 5 2
A couple of remarks about the statement of Theorem 2 are in order. Regarding items (iiia)-(iiic), recall that there is a one-to-one correspondence between endomorphisms of a given elliptic curve E and complex numbers α such that α · ⊆ , where denotes the lattice relative to the curve E (see Remark 28). Moreover, a priori, it is not clear whether or not there exist examples of surfaces that satisfies Theorem 2(ii). But, it turns out that such examples exist and we describe some of them in Example 21. Our description is based on a classical result of Hurwitz, according to which every finite group can be realized as an automorphism group of some compact Riemann surface (see [5] for instance).
The starting point of our analysis is the following result, it provides a list of surfaces that do admit at least one nontrivial self-map.
Theorem 3 Let X be a complex projective surface, X admits a nontrivial self-map if and only if one of the following conditions is satisfied (i) X is an Abelian surface;
(ii) X is an hyperelliptic surface, X is an entry in the list of Bagnera-de Franchis (see for example [2, pp. 83-84] ); (iii) X is a minimal surface with κ(X) = 1 and χ(O X ) = 0; (iv) X is a toric surface; (v) X is a P 1 -bundle over an elliptic curve; (vi) X is a P
-bundle over a nonsingular projective curve B with g(B) > such that X × B B is trivial after an étale base change B → B.
Proof See [6, Theorem 3.2] for the case κ(X) ≥ 0 and [8, Theorem 3] for the case κ(X) = −∞.
Since the degree of morphisms of X onto itself is multiplicative with respect to the composition of maps, a surface admits nontrivial self-maps of any given degree if and only if it admits nontrivial self-maps of any given prime degree. Hence trough the rest of this paper we will restrict our analysis to prime degrees without any further comment. Theorem 2 will follow from Theorem 3 after a case by case analysis involving both geometric and arithmetic arguments.
Notations 4
We will denote by ≡ num , ≡ lin , respectively linear equivalence and numerical equivalence of divisors. For a locally free sheaf E on a smooth projective variety we put P(E) := Proj(Sym(E ∨ )), note that our notation coincide with the P(E ∨ ) of Hartshorne's book.
Abelian surfaces and the case κ(X) ≥ 0
First of all we are going to analyse case (i) of Theorem 3, namely abelian surfaces. This case will be a direct consequence of the lemma below.
Lemma 5 Let T be a complex torus. There exist an infinite number of primes that do not appear as degree of a nontrivial self-map of T.
Proof Let V be a complex vector space of dimension g and a lattice in V . Put T = V / . Every nontrivial self-map f : T → T is the composition of a translation and a group endomorphism of T , then we may suppose, without loss of generality, that f is a group endomorphism of T . Denote by End(T ) the set of group endomorphisms of T . Denote by ρ a and ρ r extensions of the analytic and rational representation of End(T ) to End Q (T ) = End(T ) ⊗ Q (see [4, p. 10] ). The extended rational representation
is equivalent to the direct sum of the analytic representation and its conjugate [4, Proposition 1.2.3]
(1)
Since ρ r (f ) has integer entries its eigenvalues are all algebraic integers, it follows by (1) that det ρ a (f ) is also an algebraic integer. Moreover det ρ a (f ) for all f ∈ End(T ), are all contained in the same number field that depends only on T . Indeed they generate an extension, say K, contained in a finitely generated extension of Q, namely the extension generated by the entries of a period matrix for T . It is a well known fact that K is finitely generated too [7, p. 229, Remark] . We may moreover suppose, without loss of generality, that K is Galois over Q. Summing up we have that if a prime p appears as the degree of an endomorphism of T then
K a Galois number field and α an algebraic integer. Moreover in what follows we may and will restrict our attention to primes that do not ramify in the extension K, since the number of ramified primes is finite. If a prime satisfies (2) then no prime ideal in K that divides (p), the ideal generated by p in the ring of integers of K, admits complex conjugation as its Frobenius. It follows byČebotarev density theorem [9, Theorem 13.4, p. 545 ] that the complementary set of the set of primes that satisfy (2) has analytic density strictly greater than zero. If g(B) > 1 then deg(f B ) = 1 and X fails to admit a nontrivial self-map of degree a given prime for an infinite number of primes, indeed the same holds for F (Remark 7). If B is an elliptic curve, then any prime appearing as the degree of an endomorphism of X is also the degree of an endomorphism of the abelian surface B × F , the missing primes are then infinite by Corollary 6. If B is rational then
Since χ(O X ) = 0 we have q = 1 and F/G is elliptic. The fibres of the natural map α : (F × B) → F/G are connected and isomorphic to B, it follows that α is the Albanese map of X. By the universal property of the Albanese map there exists a ϕ :
and we can conclude as above. Analogous considerations hold for a hyperelliptic surface, in this case the Albanese variety is an elliptic curve and the fibres of the Albanese map are isomorphic elliptic curves.
The case κ(X) = −∞: toric surfaces
In this section we are going to show that for a toric surface the presence of curves of negative self-intersection implies that, up to a finite set, degrees of nontrivial self-maps are not square free. Before dealing with the toric case, we briefly recall in general how a nontrivial self-map acts on curves.
Remark 9 Let X be a surface with a nontrivial self-map, f : X → X. Let C and D be irreducible curves on 
The proof of Proposition 11 below will make use of the following elementary statement. Since we will need it in subsequent sections we state it in the form of a lemma.
Lemma 10
Let X be a surface that contains one and only one curve C such that
Proof In view of the above Remark 9 we have f (C) = C, f * C ≡ num a 1 C and f * C ≡ num a 2 C for suitable integers a 1 , a 2 such that deg f = a 1 a 2 . By the Projection Formula
hence a 1 = a 2 and deg f is a square.
Proposition 11
The only toric surface admitting self-maps of any given degree is
is a toric surface, then S fails to have a self-map of prime degree for all but at most a finite number of primes.
Proof Let X be a toric surface, by the classification of toric surfaces, see [10, Theorem 1.28, p. 42] for example, X is obtained by a finite number of equivariant blow-ups from the projective plane or a Hizerbruch surface F n , n ≥ 0. The only cases in which S X is empty are either X P 2 or X P 1 × P 1 . All the nontrivial self-maps of the former have degree a square, the latter instead has nontrivial self-maps of any given degree.
Suppose now that S X is nonempty. Since X is a toric surface, any irreducible curve on X with negative self-intersection is included in the complement of the torus, hence S X is finite. If S X consists of only one element, then our claim follows by Lemma 10. If S X contains more than one element then X is not minimal as follows by the classification of rational surfaces. Let D ∈ S X be a −1-curve on X and C ∈ S X such that f (C) = D, recall Remark 9. We have
and since S X is finite C 2 in (3) can only take a finite number of values. It follows that apart from a finite number of values deg(f ) is not square free.
The case κ(X) = −∞: P 1 -bundles over a non rational curve
First of all we are going to introduce notations that will be used in this and the next section.
Notations 12 We denote by E a locally free sheaf of rank two over a curve B of genus g(B)
greater than or equal to one, and set X = P(E). Moreover we denote by π : X → B the projection associated to the projective bundle structure. Since g(B) ≥ 1, given a nontrivial self-map f : X → X, it induces a nontrivial self-map of B that we denote by f B .
, where deg(f P 1 ) denotes the degree of f when restricted to a fiber, this degree does not depend on the particular chosen fiber. Moreover if deg(f B ) > 1 i.e. f B is a nontrivial surjective endomorphism, then B is an elliptic curve.
We are going to analyze case (vi) of Theorem 3. The main result of this section is the following:
Theorem 13 Let E be a rank two vector bundle over a projective curve B of genus g > 1.
The projective bundle X = P(E) admits a nontrivial self-map of degree n for every positive integer n if and only if
either a trivial or a torsion line bundle of order p a prime and
in the latter case,
Before proving the above theorem we will recall some well known facts on P 1 -bundles over a smooth projective curve, and in the meantime we will establish some notations.
Remark 14 Suppose that X = P(E), where E is a locally free sheaf of rank two of degree e on the smooth curve B. We have NS(X) = ZH + ZF , where H is a divisor such that O X (H ) O(1) and F is a fiber of the projection π . If D is a divisor on X such that D 2 = 0 then its class in NS(X) is either a multiple of F or a multiple of H + e 2 F .
Author's personal copy
Surfaces with surjective endomorphisms If f : X → X is a nontrivial self-map that induces an automorphism on the base B,
Remark 15 If X = P(E) admits two disjoint sections, then E is isomorphic to the direct sum of two line bundles, and 
is the only curve on X of negative self-intersection. In case deg(L) = 0 and L is nontrivial, the curves S 1 , S 2 are the only sections of zero selfintersection and any class in NS(X) whose square equals zero is either a multiple of the class of H or a multiple of the class of F . 
Remark 16 Curves dominating B and of zero self-intersection on
is the tautological section, is the curve B and j is the restriction to B of the bundle map. Observe that there is a canonical isomorphism of varieties L X \ S 2 , and that through this isomorphism the image of B is disjoint from S 1 . By the above description the projective irreducible curve B is a principal divisor in X \ S 2 and the normal bundle to B in X is trivial.
Let D = S 1 , S 2 be an irreducible curve in X dominating B such that D 2 = 0, we are going to show that D ⊂ X \ S 2 L and there exists a ∈ C * such that the automorphism of varieties μ a : L → L induced by multiplication by a, sends D to B. Since D 2 = 0 and D dominates B, the divisor D is numerically equivalent to a multiple of S 1 and S 2 , in particular it is disjoint from S 1 ∪ S 2 and thus lies in the complement of the zero section of X \ S 2 L that coincides with S 1 . Since B is a principal divisor in X \ S 2 , the intersection of B with a different projective curve included in X \ S 2 is empty. Since multiplication by scalars acts transitively on the nonzero elements of the fibres of L, there exists a ∈ C * such that B ∩ μ a (D) is nonempty and this forces B = μ a (D). In particular the restriction of π to such a D gives an étale covering of B isomorphic to j : B → B, and D · F = k.
Theorem 13 will be a consequence of the next two propositions. In Proposition 17 we study nontrivial self-maps of surfaces of the form P(O ⊕ L) where L is a torsion line bundle on a curve B of genus g(B) ≥ 1. In Proposition 18 we characterize P 1 -bundles on a curve of genus greater than one admitting an endomorphism of degree two. 
Proposition 17 Suppose
In case (ii) there exists a nontrivial self-map f of degree d such that f B = ϕ and either
Proof We begin by proving the only if part of our statement. Since f B is an automorphism f (S i ) is a section. Moreover, see Remark 9, (f * (S i )) 2 = 0, therefore f (S i ) = S j for i, j ∈ {1, 2}. Then there are three possible cases
and in any of the cases above the pullback of the divisor S j is given by
where n 1,j , n 2,j are nonnegative integers, k ι are positive integers, and C ι = S 1 , S 2 are distinct irreducible curves. Since X contains no curve with negative self-intersection, the irreducible components of f * (S j ) are disjoint, C ι dominates B, and C 2 ι = 0 for every ι. By Remark 16 we also know that C ι intersects transversally every fiber of π in k points. Since f * (F ) ≡ num F we are able to recover the degree of f as the intersection number between F and f * S j hence
In case (6) there exists j such that n 1,j = n 2,j = 0 and the intersection number between f * S j and F is k ι k ι . In cases (4)- (5) we have f (S 1 ) = S j the multiplicity n 2,j is zero and d ≡ n 1,j mod k, j = 1, 2. We have then
Since 
Since is homogeneous on the fibres it induces a degree d morphism
and composing with the canonical isomorphism
induced by tensorization by L we get the desired endomorphism.
Suppose now that d ≡ ±m mod k and that there is an automorphism of B,
given on the fibres by
and hence a map
of degree d that induces the identity on the base. Moreover the natural map
is an isomorphism that induces ϕ on the base. It follows that φ = φ 1 • φ 2 is a nontrivial selfmap of P(O ⊕ L) that induces ϕ on the base. The final part of the statement holds setting f = φ.
Proposition 18 Let X = P(E) → B be a projective bundle, with E a locally free sheaf of rank two on B a curve of genus g(B) ≥ 2. Suppose X admits a nontrivial self-map f of degree two, then either
torsion line bundle, or (ii) The ramification divisor R f of f is a smooth irreducible curve, the restriction of π to R f is an étale double covering of B and the normal bundle N R f /X to R f in X is a torsion line bundle of order strictly greater than 2.
Proof Let f : X → X be a nontrivial self-map of degree two. Since f B is an automorphism, the restriction of f to every fiber is a double covering of P 1 , hence it ramifies at exactly two points. It follows that R f is a smooth curve intersecting transversally every fiber of π in two points. Therefore R f is either union of two disjoint sections S 1 and S 2 or it is irreducible and an étale double covering of B.
In the first case each one of this sections has zero self-intersection by Lemma 10. If X is not the trivial projective bundle then S 1 and S 2 are the unique sections of zero selfintersection. Moreover the image T = f (S 1 ) is a section of zero self-intersection by Remark 9, therefore T = S j for either j = 1 or j = 2. As a particular case of (8) we get
In both cases, since f B has finite order in the group of automorphisms of B, N S 1 /X (hence also N S 2 /X ) is a torsion line bundle. We turn our attention to case (ii), namely when R f is irreducible. We denote by i : X → X the involution associated with f . We may assume that X contains no sections with zero self-intersection. Otherwise, denote by S such a section, the curves S and S := i(S) are numerically equivalent, hence they are disjoint. It follows that
On the other hand, since i descends to the identity on B it induces an isomorphism N S/X N S /X . We conclude X P(O ⊕ N S/X ) and N ⊗2 S/X O and we are in case (i). We may also assume that f (R f ) = R f . Otherwise the image T = f (R f ) satisfies, by Remark 9, T 2 = 0 and since by the above argument we may suppose that f (T ) is not a section, we have that T = i(T ). Since T and i(T ) are numerically equivalent they are disjoint too. Hence making a base change by the étale double covering π |T : T → B we get a P 1 -bundle over T with four disjoint sections (two of them mapping onto T and the others onto i(T )), so this projective bundle is trivial and X is the quotient of T × P 1 by a Z/2Z-action without fixed points. Such an action is always diagonal (see Remark 19), hence there exist p 1 , p 2 ∈ P 1 such that T × p i is sent to itself by the Z/2Z-action. The image S i of T × p i in X is a section and the pullback of its normal bundle to T × p i is trivial. Hence N S i /X is a torsion line bundle of order two and we are again in case (i) of the proposition.
Finally assuming f (R f ) = R f and denoting byf : R f → R f the restriction of f we get f * N R f /S N 2 R f /S and sincef has finite order, the normal bundle N R f /S is a torsion line bundle. We can exclude that
O. Indeed this would imply that N R f /S = O, and after a base change by the restriction of π to R f we get a P 1 -bundle over R f having two sections with trivial normal bundles, so again it is the trivial P 1 -bundle and X is as in case (i).
We are now in position to prove Theorem 13.
Proof of Theorem 13
Let X = P(E) be a surface admitting a self-map of degree n for every n ∈ N. By Proposition 18 either
with L a torsion line bundle, or (ii) there exists a nontrivial self-map of X of degree two such that the restriction of π to the ramification divisor R f of f is a nontrivial étale double covering of B and the normal bundle N R f /X to R f in X is a torsion line bundle of order strictly greater than 2.
In case (i) we may suppose that L is not trivial since otherwise our statement is clearly true. Let k ≥ 2 be the order of L. By Proposition 17, for every non zero r ∈ Z/kZ there exists
We only need to remark that k must be prime since pulling back by an automorphism of B preserves the order of a torsion line bundle.
In case (ii) let m be the order of N R f /X .
Claim 1 For every curve
C = R f on X such that C 2 = 0, the intersection number C · F is a multiple of m.
Proof of Claim 1 The étale double covering R f → B induces an étale double covering
is the union of two disjoint sections S 1 and S 2 whose normal bundles
) contains no curve with negative self-intersection we have
By Remark 16, C is a degree m cover of R f and, since the degree of h is two, the degree of the restriction of π to C = h(C ) ⊂ X is either m or 2m. In both cases m divides C · F .
We are going to show now that X does not admit a nontrivial self-map of degree m. Indeed, let g : X → X be such a map. Pulling back the divisor R f we get
Surfaces with surjective endomorphisms where b i > 0 and C 2 i = 0 for all i. By Remark 9 the curve g(R f ) has self-intersection zero, moreover since g induces an automorphism on the base B, we have g * (R f ) · F = 2 < m. We deduce by Claim 1 that g(R f ) = R f . Therefore a is strictly positive too. Intersecting both members of (9) We start with the following remark in which among other things we will fix notations needed later on.
This is absurd becauseĝ is an automorphism, N
Remark 19 Let C be a smooth projective curve of genus g(C) > 1. Let h : P 1 × C → P 1 × C be a nontrivial self-map, since g(C) > 1 we have h = h 1 × h 2 where h 1 : P 1 → P 1 is a nontrivial self-map and h 2 : C → C is an automorphism.
Let G be a cyclic group of automorphisms of C that acts on P 1 × C. For every g ∈ G we denote by g : P 1 × C → P 1 × C the induced automorphism. In particular g = φ g × g where φ g is an automorphism of P 1 . It follows that G acts on P 1 too and the action on P 1 × C is the induced diagonal action. Moreover if g ∈ G is nontrivial, then there exists an affine coordinate z on P 1 such that φ g (z) = z where is a m-th root of the unity.
Corollary 20 Let X be a nontrivial P 1 -bundle over a smooth projective curve B of genus g(B) > 1. The surface X admits self-maps of any given degree if and only if there exist a prime number p, a curve C and a group G of automorphisms of C acting on P 1 such that (i) G is cyclic of order p , it acts freely on C, faithfully on P 1 and X is a Galois étale quotient
Proof Let X be a nontrivial P 1 -bundle over a curve B admitting nontrivial self-maps of any given degree. We are going to prove that there exists a prime p such that (i) and (ii) hold. By Theorem 13, X P(O ⊕ L) where L is a p-torsion line bundle on B, p a suitable prime. Let j : C → B be the Galois étale cover of B determined by L, G ⊂ Aut(C) its Galois group, G is cyclic of order p. Let j : X × B C → X be the induced Galois étale cover. Since L pulls back to a trivial line bundle on C,
and X is the quotient of X × B C by a G-action. The action of G on P 1 × C is diagonal (see Remark 19), moreover G acts freely on C, and faithfully on P 1 , otherwise X would be isomorphic to P 1 × B. Let δ ∈ (Z/pZ) * be the representative of a prime d and let f : X → X be a nontrivial selfmap of degree d. We claim that f lifts to a degree d endomorphism f : P 1 ×C → P 1 ×C. As a first step we are going to show that the induced automorphism f B lifts to an automorphism The image γ • s(C) is a projective curve in the complement of the zero section in L, by Remark 16 the restriction of pr L to such a curve gives an étale covering of B isomorphic to the étale covering j : C → B. Denote by σ an isomorphism between these two étale covering of B, we then have
Finally we are going to show that the existence of the lift f C of f B implies the existence of a lift f :
Indeed, denoting byπ : X × B C → C the projection on the second factor, we have a commutative diagram
where the dotted arrow f exists by the universal property of the fiber product
By the last part of Proposition 17, we may also suppose that either f * (S i ) = dS i or f * (S i ) = dS j . Since sections S 1 and S 2 , up to a change of coordinates, lift to {0} × C and {∞} × C on P 1 × C, it follows that the endomorphism ψ is given by either
Since ψ × f C descends to X, there exists a positive integer δ such that for every g ∈ G
Recall that g ∈ G nontrivial acts on
) where is a nontrivial pth root of the unity (Remark 19). The first component of equality (10) gives either
The second component of equality (10) implies instead f C • g = g ±δ • f C and setting ϕ := f C we get item (ii). To prove the remaining implication observe that the endomorphism of 
Examples 21 Fix a prime number p, let A be a finite group containing a cyclic group of order p, Z/pZ ⊂ A. Let N A (Z/pZ) be the normalizer of Z/pZ in A. Letting
be the homomorphism obtained by conjugation, we denote by
the homomorphism given by
Item (ii) of Corollary 20 can be restated asserting the surjectivity of the homomorphism
To construct examples of surfaces that satisfy the conditions in Theorem 13 or Corollary 20 for any prime p, it will be enough to construct a smooth projective curve C of genus g(C) > 1 such that its automorphisms group contains the group Z/pZ as a subgroup acting without fixed points and such that ρ Aut(C) is surjective.
By a classical result of Hurwitz every finite group G can be realized as an automorphism group of a projective curve C of genus greater than or equal to two [5, Corollary 3.15, p. 15 ]. Moreover we can also realize G as a subgroup of Aut(C) in such a way that it acts freely on C. Indeed such a G fits in a short exact sequence
where is a free Fuchsian group that acts freely on the upper half plane U and C U /K. But now C is an intermediate covering of the universal covering U → U / C/ G and hence G must act freely.
Finally, choosing G such that Z/pZ and ρ G is surjective (e.g. taking a semi-direct product G = Z/pZ Aut(Z/pZ)) and letting C be a curve such that G acts freely on C, we get our examples.
5 κ(X) = −∞: P 1 -bundle over an elliptic curve
In this section, as the title suggests, we will fix our attention on P 1 -bundles over an elliptic curve, namely case (v) of Theorem 3. We keep notations introduced at the beginning of the previous section, in particular E will denote a locally free sheaf of rank two on an elliptic curve E.
Remark 22 According to the classification of vector bundles of rank two over an elliptic curve, we may, and will, assume that X is isomorphic to P(E) where E is one of the following locally free sheaves:
(iii) there exists a point q ∈ E and a nontrivial extension
We start by analyzing (ii)-(iii) of Remark 22.
Proposition 23 Suppose that
is a nontrivial extension on the curve
not an automorphism of E. It follows that there are infinitely many primes that do not appear as degree of a nontrivial self-map of P(E).
Proof Denote by S the section of X associated to the inclusion of O in E given by (11) . In order to prove the proposition it is enough to prove that S is the only irreducible curve of zero self-intersection on X that is not contained in a fiber of the projection to E. Indeed suppose that f E is an automorphism of E, since R 2 f = 0 and on X there are no curves of negative self-intersection, the support of R f is union of irreducible curves of zero selfintersection whose projection to E is dominant. If S is the only curve on X of such type, then R f = mS for a suitable integer m, but this implies that the restriction of f to the fibres must be a nontrivial self-map of P 1 whose ramification divisor is supported on only one point, a contradiction.
Let us prove now that S is the only irreducible curve of zero self-intersection on X that dominates E. Suppose that S in another such curve. Since (K X/E + S ).S = 0, S is smooth and h : S → E the restriction of the projection π : X → E to S is étale. After extending the base to S we have
and P(h * E) has two sections of self-intersection zero, namely the pullback of S and S by the second projection. It follows that h * E splits, and the pull-back of the extension (11)
is trivial. But the map induced by h on Ext
corresponds in co-homology to
which is injective, a contradiction.
Proposition 24 Let
be a nontrivial extension on the elliptic curve E. If f :
Proof Suppose f is a nontrivial self-map of degree two. Let S be the section of X corresponding to the inclusion of O in E given by (12) and as usual let F be a fiber of the projection of π : X → E. Since by hypothesis f has degree two and S 2 = 1 we have
Moreover by the Projection Formula
for a suitable integer b. In either cases this leads to a contradiction in view of (13). Now we come to (i) of Remark 22. We will need the following elementary lemma. If deg(L) > 0 then X = P(O ⊕ L) has a unique curve of negative self-intersection and by Lemma 10 every nontrivial self-map of X has degree a square. Hence we may suppose that deg(L) = 0. Proof On X there are only two sections of zero self-intersection, we denote them by S 1 and S 2 , and keep notations introduced in Remark 15. If C is another irreducible curve on X that dominates E such that C 2 = 0 and C = S 1 , S 2 , then since the numerical class of C must be a multiple of the numerical class of S 1 we have C · S i = 0 and C is disjoint from S 1 , S 2 . Moreover the restriction of the projection π : P(O ⊕ L) → E, π |C : C → E is étale. Extending the base to C we obtain three sections of zero self-intersection, and then a trivial bundle. But then
Lemma 25 Suppose
and L must be a torsion bundle. Suppose then that S 1 and S 2 are the only irreducible curves of zero self-intersection on X different from a fiber. Since on X there are no curves of negative self-intersection, if a nontrivial self-map f induces an automorphism on the base then the ramification divisor is such that R f = deg(f )S 1 + deg(f )S 2 . We have that f (S i ) = S j , and then arguing as in the proof of Proposition 17,
Since N S 1 /X = N ∨ S 2 /X = L the above equalities implies that f * E L = L ± deg(f ) , and then, since deg(f ) ≥ 2, L is a torsion bundle.
We are going to prove item (ii) now. We may suppose that L is not a trivial sheaf. Since f restricts to an automorphism on the fibres, f * S i · F = 1 and f −1 (S i ) is a section of zero selfintersection, i = 1, 2, hence f (S i ) = S j . Again, it follows that either f *
∨ . This concludes the proof of the only if part of our statement. For the if part, observe that the first projection X × ϕ E → X is a finite surjective morphism and since X × ϕ E X as projective bundles it induces a nontrivial self-map of X with the desired properties.
Remark 26 As a consequence of Lemma 25, if deg(L) = 0 and L is not a torsion bundle, then every nontrivial self-map of P(O ⊕ L) induces an isomorphism on fibres, and the only possible degrees of nontrivial self-maps of X are degrees of nontrivial self-maps of E. In view of Corollary 6 we will then assume through the rest of this paper that X is as in case (i) of Remark 22 and L is a k-torsion line bundle.
If k = 1, 2, 3, then every prime is either a multiple of k or is congruent to ±1 modulo k, and by Proposition 17(ii) there exists a nontrivial self-map of any given degree of X. If k > 3 then the existence of nontrivial self-maps of any given degree depends on the geometry of E and L.
Notations 27 We will denote by E i = C/(C ⊕ Ci) and E ρ = C/(C ⊕ Cρ) where ρ 3 = 1, ρ = 1. We have where Aut(E) denotes the automorphism group for the abelian variety structure of an elliptic curve E.
Remark 28
We are going to collect in this remark, for reader's convenience, some elementary facts on the ring of endomorphisms of an elliptic curve. Let E be an elliptic curve and End(E) its ring of endomorphisms. If E does not have complex multiplication then End(E) is a free Z-module of rank one, every endomorphisms is given by multiplication by n, a given integer, and the only possible degrees are squares. If E has complex multiplication then End(E) is a rank two free Z-module and End Q (E) = End(E) ⊗ Z Q is a complex algebraic extension of Q and [End Q (E) : Q] = 2.
